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Abstract. We report the theoretical investigation of noise spectrum of spin current
(Sσ) and spin transfer torque (Sτ ) for non-colinear spin polarized transport in a spin-
valve device which consists of normal scattering region connected by two ferromagnetic
electrodes (MNM system). Our theory was developed using non-equilibrium Green’s
function method and general non-linear Sσ−V and Sτ −V relations were derived as a
function of angle θ between magnetization of two leads. We have applied our theory to
a quantum dot system with a resonant level coupled with two ferromagnetic electrodes.
It was found that for the MNM system, the auto-correlation of spin current is enough
to characterize the fluctuation of spin current. For a system with three ferromagnetic
layers, however, both auto-correlation and cross-correlation of spin current are needed
to characterize the noise spectrum of spin current. Furthermore, the spin transfer
torque and the torque noise were studied for the MNM system. For a quantum dot
with a resonant level, the derivative of spin torque with respect to bias voltage is
proportional to sin θ when the system is far away from the resonance. When the
system is near the resonance, the spin transfer torque becomes non-sinusoidal function
of θ. The derivative of noise spectrum of spin transfer torque with respect to the bias
voltage Nτ behaves differently when the system is near or far away from the resonance.
Specifically, the differential shot noise of spin transfer torque Nτ is a concave function
of θ near the resonance while it becomes convex function of θ far away from resonance.
For certain bias voltages, the period Nτ (θ) becomes π instead of 2π. For small θ, it
was found that the differential shot noise of spin transfer torque is very sensitive to
the bias voltage and the other system parameters.
PACS numbers: 72.25.-b,72.70.+m,74.40.-n
Submitted to: Nanotechnology
1. Introduction
Electronic shot noise describes the fluctuation of current and is an intrinsic property of
quantum devices due to the quantization of electron charge. In the past decade, the
study of shot noise has attracted increasing attention[1] because it can give additional
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information that is not contained in the conductance or charge current. It can be
used to probe the kinetics of electron[2] and investigate correlations of electronic wave
functions[3]. In the study of shot noise < (∆Iˆ)2 >, the Fano Factor F =< (∆Iˆ)2 >
/2q < Iˆ > is often used where < Iˆ > is the current. When F > 1 it is referred as super-
Poissonian noise, while F < 1 corresponds to sub-Poissonian behavior. In general,
for a quantum device, Pauli exclusion suppresses the shot noise and hence reduces the
Fano factor[4, 5, 6] but Coulomb interaction can either suppress or enhance shot noise
depending on system details[7, 8, 9, 10, 11]. The suppression of shot noise has been
confirmed experimentally in quantum point contact[12, 13], single electron tunneling
regime[14, 15], graphene nano-ribbon[16, 17], and atom-size metallic contacts[18, 19].
The enhancement of shot noise was also observed in GaAs based quantum contacts
when the system is in the negative differential conductance region[20]. Recently, with
the development of spintronics, polarized spin current especially pure spin current
received much more attention. Less attention has been paid on the polarized spin
current correlation compared with the charge current correlation[21, 22, 23, 24, 25, 26].
Shot noise of polarized spin current has been studied in several quantum devices
including the MNM(ferromagnet-normal-ferromagnet)[27] and NMN(normal-magnetic-
normal)[28]. In these devices, shot noise is expected to provide additional information
about the spin-dependent scattering process and spin accumulation. It was shown that
shot noise can be used to probe attractive or repulsive interactions in mesoscopic systems
and to measure the spin relaxation time [29]. For a two-probe normal system (NNN
system), it is well known that the charge current correlation between different probes
(cross correlation noise) is negative definitely[30], but for a magnetic junction, the spin
cross correlation noise between different probes is not necessarily negative due to spin
flip mechanism. For example, Ref.[31] showed that the cross correlation can be positive
at special Fermi energy due to Rashba interaction.
Recently, spin transfer torque (STT), predicted by Slonczewski[32, 33] and
Berger[34], has been the subject of intensive investigations[35, 36, 37, 38]. Spin current
can transfer spin angular momentum and be used to switch the magnetic orientation
of ferromagnetic layers in GMR and TMR devices. Therefore, STT has potential
applications[39] such as hard-disk read head[40], magnetic detection sensor[41], and
random access memory (MRAM)[42], etc.. It comes from the absorption of the itinerant
flow of angular momentum components normal to the magnetization direction and relies
on the system spin polarized current. The noise spectrum of STT drastically affects the
magneto-resistance behavior[43]. Many studies have focused on the spin transfer torque
in various materials and under dc or ac condition. The correlation effect or quantum
noise of spin transfer torque has not been studied so far. It is the purpose of this paper
to fill this gap. In this paper, we have calculated the shot noise of particle current,
spin current as well as spin transfer torque in the nonlinear regime for a magnetic
quantum dot connected with two non-colinear magnetic electrodes. We found that
for a MNM spin-valve system, the spin auto-correlation is enough to characterize the
fluctuation of spin current. For a system with three ferromagnetic layers (MNMNM),
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Figure 1. The schematic plot of the spin-degenerated quantum dot connected by two
ferromagnetic leads. The magnetic moment of the left lead is always at z direction and
the magnetic moment of the right lead is at an angle θR with respect to the z-axis in
the x− z plane.
however, both auto-correlation and cross-correlation are needed to characterize the
fluctuation of spin current. For the quantum dot with a resonant level, the behavior of
differential STT depends on whether the system on resonance or off resonance. When the
system is off resonance, the differential STT reduces to the familiar result of tunneling
barrier (1/2)(Is(π) − Is(0)) sin θ where θ is the angle between magnetic moments of
ferromagnetic leads. If it is on resonance, the dependence of differential STT on θ
becomes non-sinusoidal. The resonance also has influence on the noise spectrum of
STT. If the system is near the resonance, noise spectrum of STT is a concave function
of θ while it becomes a convex function far away from the resonance.
This paper is organized as follows. Firstly, we derive the general formulae of spin
auto-correlation shot noise, spin cross-correlation shot noise and spin transfer torque
shot noise from the non-equilibrium Green’s function method. Then we analyze the
spin transport properties for the MNM system. Finally, we give the conclusions.
2. Theory formalism
We start from the Hamiltonian of the quantum dot which is connected by two magnetic
electrodes. We assume that the current flows in the y(y
′
)-direction and the left lead
magnetic moment ML always points at the z-direction, while the right lead magnetic
moment MR points at an angle θR to the z-direction in x− z plane (see figure 1).
In the second quantized form, Hamiltonian is
Hˆ = Hˆlead + Hˆdot + HˆT , (1)
where Hˆlead is the Hamiltonian of the leads,
Hˆlead =
∑
kασ
(ǫkα − σMαcosθα)Cˆ
†
kασ
Cˆkασ −
∑
kασ
MαsinθαCˆ
†
kασ
Cˆkασ¯, (2)
where Cˆ†kασ creates an electron in lead α with energy level k and spin σ, σ = ±1 and
σ¯ = −σ. The second term Hˆdot is the Hamiltonian of the isolated quantum dot,
Hˆdot =
∑
nσ
ǫndˆ
†
nσdˆnσ, (3)
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The third term HˆT is the Hamiltonian describing the coupling between quantum dot
and the leads with the coupling constant tkαnσ,
HˆT =
∑
kαnσ
[tkαnσCˆ
†
kασ
dˆnσ + c.c.], (4)
where c.c. denotes the complex conjugate. By applying the Bogoliubov transforma-
tion [44],
cˆkασ = cos(θα/2)Cˆkασ − σsin(θα/2)Cˆkασ¯, (5)
we can diagonalize the Hamiltonian of the electrodes to give the following effective
Hamiltonian,
Hˆα =
∑
kσ
(ǫkα − σMα)cˆ
†
kασ
cˆkασ. (6)
So for a ferromagnetic lead coupled with scattering quantum dot, the line-width function
Γα can be written as [45]
Γα = Rα
(
Γα↑ 0
0 Γα↓
)
R†α, (7)
where
Rα =
(
cos θα
2
−sinθα
2
sinθα
2
cos θα
2
)
(8)
is the rotational matrix.
The current operator of the lead α with spin σ is defined as
Iˆασ(t) = q
dNˆασ
dt
. (9)
where Nˆασ =
∑
k Cˆ
†
kασ
Cˆkασ is the number operator for the electron in the lead α. By
using the Heisenberg equation of motion, we have
Iˆασ(t) = −i
q
h¯
∑
km
[tkαmσCˆ
†
kασ
(t)dˆmσ(t)] + c.c. (10)
The average current can be expressed by in terms of Green’s function,
< Iˆασ(t) >= −
q
h¯
∑
km
[tkαmσG
<
mσkασ
(t, t) + c.c]. (11)
If we consider the total charge current flowing through the lead α, the charge current
operator can be expressed as
Iˆα = Iˆα↑ + Iˆα↓ (12)
and the spin current operator in z-direction is
Iˆsα =
h¯
2
1
q
(Iˆα↑ − Iˆα↓). (13)
Since the local spin current is not conserved, the loss of the spin angular momentum
is transferred to the magnetization of the free layer. For spin transfer torque, we are
interested in the MNM system and we assume that electron coming from the left lead
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which is pinned and the right lead is the free layer. The spin transfer torque can be
calculated as follows. The total spin of the right ferromagnetic electrode is[46]
Sˆθ =
h¯
2
∑
kRµν
C†kRµCkν(R
−1χµ)
†σˆ(R−1χν). (14)
Here, σˆ is Pauli matrices and the spinup state χµ(ν) = (
1
0
) for µ(ν) = 1 or the
spindown state χµ(ν) = (
0
1
) for µ(ν) = −1. Note that the equation above is written
in xyz coordinate frame while Sˆθ are quantized in the x′y′z′ frame. Because Sˆθ(t) is
along the direction of z′, the total spin torque τˆ = ∂Sˆ
θ
∂t
= i
h¯
[HˆT , Sˆ
θ] should be along the
direction of x′ (see figure 1). So we need the expression of the spin operator of the right
lead along x′ direction, Sˆθ
x
′ , which can be obtained from equation (14),
Sˆθ
x
′ =
h¯
2
∑
kRσ
(Cˆ†kRσCˆkRσ¯cosθ − σCˆ
†
kRσ
CˆkRσsinθ). (15)
According to the Heisenberg equation of motion, the spin transfer torque operator is
τˆR = τˆx′ =
i
h¯
[HˆT , Sˆ
θ
x′]
= −
i
2
[
∑
kRnσσ
′
(Cˆ†kRσRσσ′ dˆnσ′ tkRnσ′ − t
∗
kRnσ
′ dˆ†
nσ
′Rσσ′ CˆkRσ)] (16)
where,
R =
(
R↑↑ R↑↓
R↓↑ R↓↓
)
=
(
−sinθR cosθR
cosθR sinθR
)
, tkRn =
(
tkRn↑ 0
0 tkRn↓
)
.(17)
The average spin transfer torque is[46]
< τˆR > = Re{
∑
kRn
Trσ[tkRnRG
<
n,kR
]}
=
∫ dE
2π
(fL − fR)Tr[G
rΓLG
a(iΣaRR− iRΣ
r
R)] (18)
where Trσ is over spin space.
The correlation of the charge current is given by
< ∆Iˆα(t1)∆Iˆβ(t2) >=
∑
σσ′
(< ∆Iˆασ(t1)∆Iˆβσ′(t2) >) (19)
and the shot noise of spin current is
< ∆Iˆsα(t1)∆Iˆ
s
β(t2) >=
1
4
h¯2
q2
∑
σσ′
σσ′(< ∆Iˆασ(t1)∆Iˆβσ′(t2) >) (20)
where
∆Iˆασ = Iˆασ− < Iˆασ >, (21)
and σ =↑↓ or ±1. Finally, the correlation of spin transfer torque is
S(t1, t2) =< ∆τˆR(t1)∆τˆR(t2) >, (22)
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where ∆τˆR = τˆR− < τˆR >.
We now derive the correlation of charge current, spin current, and spin transfer
torque. Clearly, all correlation functions contain the following term,
< Iˆασ(t1)Iˆβσ′(t2) >= −
q2
h¯2
∑
kk′mn
[tkαmσtk′βnσ′ < Cˆ
†
kασ
(t1)dˆmσ(t1)Cˆ
†
k′
β
σ′(t2)dˆnσ′(t2) >
+ t∗kαmσt
∗
k′
β
nσ′ < dˆ
†
mσ(t1)Cˆkασ(t1)dˆ
†
nσ′(t2)Cˆk′βσ′(t2) >
− tkαmσt
∗
k′
β
nσ′ < Cˆ
†
kασ
(t1)dˆmσ(t1)dˆ
†
nσ′(t2)Cˆk′βσ′(t2) >
− t∗kαmσtk′βnσ′ < dˆ
†
mσ(t1)Cˆkασ(t1)Cˆ
†
k′
β
σ′(t2)dˆnσ′(t2) >],
(23)
and
< Iˆασ(t1) >< Iˆβσ′(t2) >= −
q2
h¯2
∑
kk′mn
[tkαmσtk′βnσ′ < Cˆ
†
kασ
(t1)dˆmσ(t1) >< Cˆ
†
k′
β
σ′(t2)dˆnσ′(t2) >
+ t∗kαmσt
∗
k′
β
nσ′ < dˆ
†
mσ(t1)Cˆkασ(t1) >< dˆ
†
nσ′(t2)Cˆk′βσ′(t2) >
− tkαmσt
∗
k′
β
nσ′ < Cˆ
†
kασ
(t1)dˆmσ(t1) >< dˆ
†
nσ′(t2)Cˆk′βσ′(t2) >
− t∗kαmσtk′βnσ′ < dˆ
†
mσ(t1)Cˆkασ(t1) >< Cˆ
†
k′
β
σ′(t2)dˆnσ′(t2) >].
(24)
Using the Wick’s theorem [47], we have,
< Cˆ†kασ(t1)dˆmσ(t1)Cˆ
†
k′
β
σ′(t2)dˆnσ′(t2) >
=< Cˆ†kασ(t1)dˆmσ(t1) >< Cˆ
†
k′
β
σ′(t2)dˆnσ′(t2) >
+ < Cˆ†kασ(t1)dˆnσ′(t2) >< dˆmσ(t1)Cˆ
†
k′
β
σ′(t2) > . (25)
The shot noise can be expressed in terms of Green’s function
< ∆Iˆασ(t1)∆Iˆβσ′(t2) >=
−
q2
h¯2
∑
kk′mn
[tkαmσtk′βnσ′G
>
mσk′
β
σ′G
<
nσ′kασ
+ t∗kαmσt
∗
k′
β
nσ′G
>
kασnσ′
G<k′
β
σmσ
− tkαmσt
∗
k′
β
nσ′G
>
mσnσ′G
<
k′
β
σ′kασ
− t∗kαmσtk′βnσ′G
>
kασk
′
β
σ′G
<
nσ′mσ]. (26)
From the Langreth theorem of analytic continuation, we have
G<,>mσk′
β
σ′(t1, t2)
=
∑
pσp
∫
dt[Grmσpσp(t1, t)t
∗
k′
β
pσp
g<,>k′
β
σpσ′
(t, t2)
+ G<,>mσpσp(t1, t)t
∗
k′
β
pσp
gak′
β
σpσ′
(t, t2)], (27)
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and
G<,>k′
β
σ′mσ(t1, t2)
=
∑
pσp
∫
dt[g<,>k′
β
σ′σp
(t1, t)tk′
β
pσpG
a
pσpmσ
(t1, t)
+ grk′
β
σ′σp
(t1, t)tk′
β
pσpG
<,>
pσpmσ
(t, t2)], (28)
as well as
G<,>kασk′βσ′
(t1, t2) = g
<,>
k′
β
σσ′(t1, t2)δkk′δαβ
+
∑
pσp
∫
dt[Grkασpσp(t1, t)t
∗
k′
β
pσp
g<,>k′
β
σpσ′
(t, t2)
+G<,>kασpσp(t1, t)t
∗
k′
β
pσp
gak′
β
σpσ′
(t, t2)], (29)
The self-energy is given by
Σγαmσnσ′(t1, t2) =
∑
k
t∗kαmσ(t1)g
γ
kασσ′
(t1, t2)tkαnσ′(t2). (30)
From the above equations, we can calculate the noise spectrum S defined as
follows [6]:
πδ(0)Sσσ
′
αβ =
∫
dt1dt2 < ∆Iˆασ(t1)∆Iˆβσ′(t2) > . (31)
Using Eqs.(27)-(30), it is straightforward to write the noise spectrum as
Sσσ
′
αβ =
4∑
i=0
Sσσ
′
i,αβ. (32)
Here
πδ(0)Sσσ
′
0,αβ =
q2
h¯2
δαβTrt[G
>
σσ′Σ
<
α,σ′σ + Σ
>
α,σσ′G
<
σ′σ], (33)
πδ(0)Sσσ
′
1,αβ = −
q2
h¯2
Trt[(G
rΣ>β +G
>Σaβ)σσ′
× (GrΣ<α +G
<Σaα)σ′σ], (34)
πδ(0)Sσσ
′
2,αβ = −
q2
h¯2
Trt[(Σ
>
αG
a + ΣrαG
>)σσ′
× (Σ<βG
a + ΣrβG
<)σ′σ], (35)
πδ(0)Sσσ
′
3,αβ =
q2
h¯2
Trt[G
>
σσ′(Σ
r
βG
rΣ<α + Σ
<
βG
aΣaα
+ ΣrβG
<Σaα)σ′σ)], (36)
πδ(0)Sσσ
′
4,αβ =
q2
h¯2
Trt[(Σ
r
αG
rΣ>β + Σ
>
αG
aΣaβ
+ ΣrαG
>Σaβ)σσ′G
<
σ′σ]. (37)
Since all Green’s functions depend on double time indices, the trace Trt is taken in the
time domain.
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To get the charge current noise spectrum, we combine equation (19) with equation
(31) and perform Fourier transformation, the well known auto charge current noise can
be obtained
SLL =
q2
π
∫
dE(fL − fR)
2Tr[(1− T )T ], (38)
here, T = ΓLG
rΓRG
a is the transmission matrix. We can also get the cross charge
current shot noise (along z direction):
SLR = −
q2
π
∫
dE(fL − fR)
2Tr[(1− T )T ], (39)
SLL + SLR = 0 confirms the current conservation.
For spin current noise spectrum, the situation is very different. We combine
equation (20) with equation (31), taking Fourier transformation, and using the relation∑
σσ′
σσ′Aσσ′Bσ′σ = Tr[AσzBσz ], (40)
(σz is pauli matrix), we can obtain the auto spin current shot noise (zero-temperature
limit),
SσLL =
h¯2
4π
∫
dE(fL − fR)
2Tr[σzTσz(1− T )]. (41)
Similarly, the cross spin current shot noise can be obtained:
SσLR = −
h¯2
4π
∫
dE(fR − fL)
2Tr{[GrΓRG
a(ΣaRσz
− σzΣ
r
R) +G
rΓRσz](G
rΓLσz +G
rΓLG
a(ΣaLσz
− σzΣ
r
L)}. (42)
Now, we derive the shot noise of spin transfer torque S(t1, t2),
S(t1, t2) = −
1
4
<
∑
kRAn
∑
σAσ
′
A
(Cˆ†kRAσA
R
σAσ
′
A
dˆ
nσ
′
A
t
kRAnσ
′
A
− t∗
kRAnσ
′
A
dˆ†
nσ
′
A
R
σAσ
′
A
CˆkRAσA)
∑
kRBm
∑
σBσ
′
B
(Cˆ†kRBσB
RσBσ′B
dˆnσ′
B
tkRBnσ
′
B
− t∗
kRBnσ
′
B
dˆ†
nσ
′
B
RσBσ′B
CˆkRBσB ) > (43)
and
< τˆR(t) >=
i
2
<
∑
kRAn
∑
σAσ
′
A
(Cˆ†kRAσA
R
σAσ
′
A
dˆ
nσ
′
A
t
kRAnσ
′
A
− t∗
kRAnσ
′
A
dˆ†
nσ
′
A
R
σAσ
′
A
CˆkRAσA) > .(44)
Similarly, we define the shot noise spectrum of spin transfer torque like the shot noise
of spin current, it can be written as
πδ(0)Sτ =
∫
dt1dt2S(t1, t2). (45)
where S(t1, t2) is defined in equation (22).
By using the Wick’s theorem, and after Fourier transformation, we can obtain
expression of Sτ ,
Sτ =
h¯2
4π
∫
dE(fL − fR){Tr[G
rΓLG
aRΓRR
Shot noise of spin current and spin transfer torque 9
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Figure 2. (a)The charge transmission coefficient (T↑+T↓) and (b)the spin transmission
coefficient (T↑ − T↓) versus fermi energy when ΓR↓ = 0.1 (red dashed line), ΓR↓ = 0.2
(black solid line), ΓR↓ = 0.4 (blue dotted line). The other parameters are θR = 0,
ǫ = 0 ΓL↓ = 0.2, ΓL↑ = ΓR↑ = 0.8. The energy unit is eV.
+ GrΓLG
a(ΣaRR−RΣ
r
R)G
rΓLG
a(ΣaRR−RΣ
r
R)
+ Gr(iRΣrR − iΣ
a
RR− ΓRR)G
rΓLG
a(ΣaRR−RΣ
r
R)
+ (ΣaRR−RΣ
r
R)G
rΓLG
a(RΓR − iRΣ
r
R + iΣ
a
RR)G
a]}. (46)
3. Shot noise of spin current and spin torque for MNM system
In this paper, we consider a normal quantum dot connected by two ferromagnetic leads
(see figure 1) (MNM system). The magnetic moment of left lead is pointing to the
z-direction, while the moment of right lead is at an angle θR to the z-axis in the x− z
plane. Hence the Hamiltonian of quantum dot can be written as
Hdot =
(
ǫ0 0
0 ǫ0
)
. (47)
Firstly, we set the direction of magnetization of the right lead be along the z
direction, i.e., let θR = 0 and calculate the charge and spin current according to
Landauer-Bu¨ttiker formula
Ic = −
q
h¯
∫ dE
2π
Tr[Tˆ (E)](fL − fR), (48)
and the expression of spin current is
Is =
1
2
∫
dE
2π
Tr[σzTˆ (E)](fL − fR). (49)
The charge and spin transmission coefficients are depicted in figure 2. In the calculation,
we have chosen ΓL↑ = ΓR↑ = 0.8eV and fix the energy unit is to be eV. Let
ΓL↓ = ΓR↓ = 0.2eV (Here, we let Γα↑ 6= Γα↓ due to the presence of ferromagnetic
leads), we found that the charge transmission coefficient reaches two at the resonant
energy level E = ǫ0 of the quantum dot (solid line in the left panel of figure 2), while
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the spin transmission coefficient is zero at resonant energy point (solid line in the right
panel of figure 2). For parallel situation (θR = 0) there is no spin flip so that different
spin channel can be treated separately. For a symmetric coupling from the lead, both
spin up and spin down electrons have complete transmission at the resonance. For total
charge current they add up together while for total spin current they cancel to each
other. When we break this symmetry and change ΓR↓ while keeping ΓL↓ constant, the
spin down transport will be partially blocked, so the charge transmission coefficient will
decrease and the spin transmission coefficient will increase (see the dashed lines and
dotted lines in figure 2).
Figure 3 gives a comparison between the charge current and spin current versus
θR under the small bias voltage 0.05V. From the figure, we find that for the symmetric
coupling with ΓL↑ = ΓR↑ and ΓL↓ = ΓR↓, both charge current and spin current decrease
as θR increasing from zero to π (see the solid lines in figure 3(a) and 3(b)). But if we fix
ΓL↓ and change ΓR↓, although the charge current still decreases when θR changes from
zero to π, the spin current increases when ΓR↓ > ΓL↓ and decreases when ΓR↓ < ΓL↓ and
changes sign at θR = π. To understand the behavior, we plot the spin-up current in the
panel (c) and spin-down current in the panel (d), respectively. One can clearly see that
spin up current always decreases with θR from zero to π, but spin down current always
increases though it is negative. So the competition between spin up and down channels
determines how the total spin current varies with ΓR↓. Another interesting result is that
at θR = π, i.e., when the magnetic moments of the two leads are antiparallel, the spin
down current does not change when we change the ΓR↓ (see figure 4(d)) while keeping
other parameters the same. In fact, when we change the ΓR↓ at θR = π, we actually
change the right coupling line-width constant of spin up but not spin down due to
ΓR(π) = Rα(π)
(
ΓR↑ 0
0 ΓR↓
)
R†α(π) =
(
ΓR↓ 0
0 ΓR↑
)
. So we can find that at θR = π,
the spin up current is different with different ΓR↓ but spin down keeps unchanged.
To study the shot noise of spin current, we first examine the differential shot noise
spectrum versus bias voltage VL = V and VR = 0. At zero temperature, they can be
calculated from equations (41) and (42) (AC means auto-correlation and CC means
cross-correlation)
NAC =
4π
qh¯2
∂SσzLL
∂V
= Tr[σzT (E)σz(1− T (E))]|E=qV (50)
and
NCC =
4π
qh¯2
∂SσzLR
∂V
= −Tr{[GrΓRG
a(ΣaRσz − σzΣ
r
R) +
GrΓRσz ](G
rΓLσz +G
rΓLG
a(ΣaLσz − σzΣ
r
L))}|E=qV . (51)
For equation (51), we see that if the direction of magnetic moments of both leads
are parallel the off-diagonal matrix elements of all the physical quantity including the
linewidth function Γασ are zero, so σz commutes with other matrices in equation (51).
Using this property and Ga −Gr = iGrΓLG
a + iGrΓRG
a, we find
NCC = −Tr[σzTσz(I − T )] = −NAC . (52)
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Figure 3. The charge current (panel (a)), total spin current (panel (b)), spin up
current (panel (c)) and spin down current (panel (d)) versus θR for MNM system at
ΓR↓ = 0.1 (red dashed line), ΓR↓ = 0.2 (black solid line), ΓR↓ = 0.4 (blue dotted
line),respectively. The other parameters are Vbias = 0.05V, ǫ0 = 0, ΓL↑ = ΓR↑ = 0.8,
ΓL↓ = 0.2.
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Figure 4. MNM system. (a) NAC of spin current noise versus the angle θR
with Vbias = 0.05V; (b) NAC versus the bias voltage with two electrode magnetic
moments parallel; (c)NACversus the bias voltage with two electrode magnetic moments
antiparallel. The other parameters are ǫ0 = 0, and ΓL↑ = ΓR↑ = 0.8,ΓL↓ = ΓR↓ = 0.2.
Now we calculate NAC from equations (50). The figure 4(a) gives NAC versus θR.
One can find that the differential spin shot NAC is small for parallel situation and reaches
maximum when the magnetization of leads are antiparallel. We also plot differential spin
shot noise versus bias voltage at parallel and antiparallel configurations in figure 4(b)
and 4(c). When the magnetization of two lead are parallel, NAC increases abruptly
with the bias voltage and reaches a flat plateau between about Vbias = (0.3, 0.7)V , then
decreases gradually upon further increasing bias voltage. However, for antiparallel case,
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NAC starts at a large value compared with that of parallel case and increases a bit to
a maximum value at Vbias = ±0.26V . For large bias voltage Vbias NAC decreases and
gradually approaches to zero. We have shown that NAC+NCC = 0 in the case of parallel
and anti-parallel situations. It is found that this relation is still valid when θR is not
equal to 0 or π. In general, the relation NAC +NCC is not satisfied. For instance, If we
study a system MNMNM with three ferromagnetic layers or the MM interface where
coupling matrix elements Γσσ¯ 6= 0, one can get NAC +NCC 6= 0.
Now we analyze the spin transfer torque and its auto-correlation function. From
equations (18) and (46), we calculate the derivative of spin transfer torque and its
correlation function with respect to the bias voltage as follows:
Tτ =
2π
q
∂ < τˆR >
∂V
= Tr[GrΓLG
a(iΣaRR− iRΣ
r
R)]|E=qV , (53)
and
Nτ =
4π
qh¯2
∂Sτ
∂V
= Tr[GrΓLG
a(ΣaRR−RΣ
r
R)G
rΓLG
a(ΣaRR−RΣ
r
R)
+ GrΓLG
aRΓRR
+ Gr(iRΣrR − iΣ
a
RR− ΓRR)G
rΓLG
a(ΣaRR−RΣ
r
R)
+ (ΣaRR−RΣ
r
R)G
rΓLG
a(RΓR − iRΣ
r
R + iΣ
a
RR)G
a]}|E=qV . (54)
Since most of calculations for the spin transfer torque were obtained using the
formula[48, 49, 50] τ0 =
Is(pi)−Is(0)
2
sin θ, we also calculate T ′τ =
2pi
q
∂τ0
∂V
for comparison. In
figure 5, we plot Tτ and T
′
τ versus θR. When the bias voltage is tuned far away from
the resonant point ǫ0 (figure 5(a)), the profile of Tτ versus θR obeys sin θR function.
This gives very good agreement with T ′τ which is expected since T
′
τ was derived for
a non-resonant tunneling system. When the system is near resonance, however, Tτ
deviates away from the sinusoidal dependence[46, 51]. This behavior can be understood
as follows. When we set ΓL↑ = ΓR↑ = Γ↑ and ΓL↓ = ΓR↓ = Γ↓, equation (53) can be
simplified as
Tτ =
1
2
(qV − ǫ0)
2(Γ2↑ − Γ
2
↓) sin θ
(qV − ǫ0)2(Γ↑ + Γ↓)2 + [(qV − ǫ0)2 − Γ↑Γ↓ −
1
4
(Γ↑ − Γ↓)2 sin
2 θ
2
]2
. (55)
We examine the denominator of this equation. Since Γ↑ 6= Γ↓, it is clear that near the
resonance qV ∼ ǫ0, the term sin
2(θ/2) in the denominator cannot be neglected so that
Tτ in the upper panel of figure (5) is not the sin θR dependence. But when |qV − ǫ0| is
large enough so that the term sin2(θ/2) is small compared with the term (qV − ǫ0)
2,we
obtain Tτ ≈ T
′
τ . Actually, we can derive T
′
τ by differentiating I
s(π) and Is(0) according
to equation (49) and obtain
T ′τ =
1
2
(qV − ǫ0)
2(Γ2↑ − Γ
2
↓) sin θ
[(qV − ǫ0)2 + Γ2↑][(qV − ǫ0)
2 + Γ2↓]
. (56)
One can easily find that if we neglect the term sin2(θ/2) in the denominator of Tτ , Tτ
will equal T ′τ .
Finally, we calculated derivative of the noise spectrum of spin transfer torque with
respect to the bias voltage by equation (54). From figure (6), we see that Nτ as a
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Figure 6. Nτ versus the angle θR with the bias voltage Vbias = 0.17V (panel (a)),
Vbias = 0.67V (panel (b)) and Vbias = 0.97V (panel (c)). The other parameters are
ǫ0 = 1.0, and ΓL↑ = ΓR↑ = 0.8,ΓL↓ = ΓR↓ = 0.2.
function of θR gives very different behaviors depending on whether it is near resonance
or far away from that. When the bias voltage is close to ǫ0/q, i.e., when the system is
near resonance (figure 6(c)), Nτ is a concave function of θR which is very large at θR = 0
but close to zero at θR = π. However, when the system is far away from the resonance,
Nτ is is convex function of θR that is small at θR = 0 but large at θR = π (see figure
(6)(a)). In the intermediate range of bias voltage, the differential noise spectrum of spin
transfer torque behaves like sin(2θR) (see figure (6)(b)). When we change ΓR↓ and keep
the other parameters the same, we found that the noise spectrum of spin transfer torque
is very sensitive to ΓR↓ when θR is near zero.
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4. Conclusions
In conclusion, based on the Green’s function approach, the spin current and spin noise
of quantum dot coupled by two ferromagnetic leads were investigated. The spin auto-
correlation function is always positive while the spin cross-correlation noise is negative
definite. Due to the existence of the spin flip, the sum of them can be non-zero for
systems with three ferromagnetic layers, i.e, SσzLL + S
σz
LR 6= 0. As a result, both the spin
auto-correlation noise and spin cross-correlation noise are needed to characterize the
shot noise of spin current. The spin transfer torque and its noise spectrum were also
investigated. For a system with a resonant level, the differential spin transfer torque
was found to be proportional to sin θ far away from the resonance where θ is the angle
between magnetization of two ferromagnetic leads. Near the resonance, however, a non-
sinusoidal θ dependence was found. The noise spectrum of spin transfer torque is found
to be a concave function of θ near the resonance and becomes a convex function far
away from the resonance. The noise spectrum of spin transfer torque was found to be
very sensitive to the system parameters and might be used to characterize the electron
spin transport properties.
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